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We present a classification of three-qubit states based in their three-qubit and reduced two-qubit
entanglements. For pure states these criteria can be easily implemented, and the different types
can be related with sets of equivalence classes under Local Unitary operations. For mixed states
characterization of full tripartite entanglement is not yet solved in general; some partial results will
be presented here.
I. INTRODUCTION
Entanglement is a fundamental property of quantum systems and a basic resource
for Quantum Information and Computation. However, its detection and quantification
are solved only in some simple cases, like the one of two-qubit systems. Discriminating
separability from entanglement for higher dimensional non-pure two-particle states seems
to be in the complexity class NP-HARD [1]. Finding good measures of entanglement is a
related nontrivial problem, even for the next simplest possibilities: non-pure two-particle
states in arbitrary dimensions or three-qubit non-pure states.
For three-qubit pure states some authors [2], [3] divide the infinite set of equivalence
classes under Local Unitary (LU) transformations in subsets characterized by particular
values of some LU invariants: these invariants are not directly related with entanglement
measures, and therefore this is not exactly a classification of entanglement types. Other
authors [4], [5] classify three-qubit states in equivalence classes under Stochastic Local
Operations and Classical Communication (SLOCC); some of the types considered in
other classifications, like the star-shaped states introduced in [6], [7] do not have their
own class in this scheme.
Several entanglement measures for pure states of three-particle systems have been
proposed [8], [9], [10], [11], [12], [13]; as we will discuss in IV, these measures do not dis-
tinguish adequately between fully entangled and separable states. Extensions to mixed
states are even more problematic; we will discuss a measure that improves on these
results.
The paper is organized as follows. In II we summarize some known results for the
entanglement of two and three-qubit systems, including definitions and notation that we
will use in the following sections. In III we introduce a classification for arbitrary three-
qubit states in terms of their three-qubit and reduced two-qubit entanglements, with a
graphic representation of the different types for pure states. In IV we comment several
previous measures of tripartite entanglement, and introduce a multiplicative generaliza-
tion of two-particle negativity. In V we apply a Generalized Schmidt Decomposition
(GSD) [2] to pure three-qubit states and specify the form of the states in each of our
classes; this could be used to give a physical interpretation to the abstract classes of [2].
In VI, we calculate the tripartite negativity of some families of mixed states and compare
our results with previously published ones. We conclude in VII with a summary of our
results.
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2II. ENTANGLEMENT IN TWO AND THREE-QUBIT SYSTEMS
Arbitrary states of pure two-qubit systems |Ψ〉 =∑
i,j αij |ij〉 , |ij〉 (i, j = 0, 1) being a basis of the Hilbert space HA⊗HB for qubits A and
B, can always be converted in |Φ〉 = α00|00〉+α11|11〉, by means of LU transformations
U = UA ⊗ UB, being UA and UB unitary operators acting on HA and HB respectively.
Each pair α00, α11 of this Schmidt decomposition define a LU equivalence class; this
infinite set can be divided in two big subsets: separable states if one of the α00, α11 is
zero, and entangled states otherwise; generalization to pure states in arbitrary dimensions
is easy. For pure states, separability equals factorizability.
For the non-pure case, a state ρ is separable [14] if it can be written as ρ =
∑
i piρ
A
i ⊗
ρBi , where ρ
A
i and ρ
B
i are state operators of subsystems A and B respectively, pi ≥ 0
∀i, ∑i pi = 1; otherwise ρ is entangled. A list of criteria for separability in two-particle
systems can be found in [15]. Sometimes [14], [7], separable but not factorizable mixed
states are qualified as classically correlated ; we will not use this distinction, because we
are interested only in quantum correlated states.
We shall cite only three of the several entanglement measures of pure two-qubit sys-
tems: von Neumann’s entropy [16] of reduced states, Wootters concurrence [17], and
negativity [18].
The Von Neumann’s entropy of a state ρ is defined in Information Theory as S(ρ) =
−∑j pj log2 pj , pj being the eigenvalues of ρ.The reduced states are ρ(A) = TrB ρ and
ρ(B) = TrA ρ. Von Neumann’s entropy of reduced states is the simplest measure of two-
particle entanglement for pure states, but its extension to non-pure states discriminates
between separable and entangled states only if the mutual entropy or correlation index is
zero [19]. Therefore, it is not a good measure of entanglement for general mixed states.
Concurrence is defined as C(ρ) =
max{0,√λ1 −
√
λ2 −
√
λ3 −
√
λ4}, where {λi} (i = 1...4) are the eigenvalues of R = ρρ˜
in decreasing order, with ρ˜ = (σy ⊗ σy)ρ⋆(σy ⊗ σy), ρ⋆ being the complex conjugate
of the state operator ρ. In arbitrary dimensions, simple computable generalizations of
concurrence are known only for pure states [20]; there is no efficient way known [21] to
calculate sophisticate generalizations like biconcurrence [22].
The negativity of a bipartite state ρ was introduced in [18]; we will use the convention
of [23], that is twice the value of the original definition:
N(ρ) = −2
∑
i
σi(ρ
TA), (1)
where {σi(ρTA)} are the negative eigenvalues of the partial transpose ρTA of the total
state ρ respect to the subsystem A, defined as 〈iA, jB|ρTA|kA, lB〉 = 〈kA, jB|ρ|iA, lB〉, A
and B denoting the two subsystems. For pure bipartite states of arbitrary dimensions
the negativity (1) is equal to the concurrence [24]. The negativity is not additive [25]
and some authors prefer to use the logarithmic negativity, which is additive but not
convex [26]. The negativity can be evaluated in the same way for pure and non-pure
states in arbitrary dimensions, although there are entangled mixed states with zero
negativity in every dimensions except 2×2 and 2×3 [27], [28]. No measure discriminating
separable from entangled states in the general non-pure case is known. However, non-
zero negativity is a sufficient condition for entanglement.
For three qubits, there is no ternary Schmidt decomposition of pure states in a strict
sense, but there is a Generalized Schmidt Decomposition (GSD) [2]: arbitrary states can
always be converted to states that contain at most five of the eight αijk, (i, j, k = 0, 1)
terms of the Hilbert basis, by means of a very simple algorithm. Each set of coefficients
α000, α100, α101, α110, α111 define a LU equivalence class; in III and V we deal with the
problem of dividing the infinite set of LU equivalence classes in big subsets corresponding
to the different types of entanglement in our classification.
For three-particle systems, a pure state |Ψ〉 is fully separable if it can be written as
|Ψ〉 = |φ〉A ⊗ |ψ〉B ⊗ |χ〉C , biseparable if it is not fully separable but can be written as
|Ψ〉 = |φ〉A ⊗ |Φ〉BC with |Φ〉BC entangled (the index A can denote any of the three
3subsystems), and fully inseparable otherwise; in this last case we will say that the state
has full tripartite entanglement.
For three-particle systems a non-pure state operator ρ may be fully separable, bisep-
arable or fully inseparable; biseparable states can be simply biseparable or generalized
biseparable. Fully separable states can be written as ρ =
∑
i pi ρ
A
i ⊗ρBi ⊗ρCi . Biseparable
states are not fully separable but can be written as ρ =
∑
iJ piJ ρ
J
i ⊗ ρKLi where J runs
from A to C and KL from BC to AB respectively and at least one ρKLi is entangled [29],
[30]; simply biseparable states have piJ 6= 0 only for a single value of J (one single qubit
is separable from the other two, that are entangled); generalized biseparable states are
convex sums of states of the previous kind (non vanishing coefficients piJ for more than
one J). Fully inseparable states are those not fully separable nor biseparable. Not all
authors agree with this classification of mixed three-qubits: for some of them, bisepara-
ble states were only those that we call simply biseparable, and generalized biseparable
states were included in the fully inseparable class [31], [32].
Fully separable estates contain no quantum entanglement. Simply biseparable states
have bipartite entanglement in a single pair of qubits; they have partial bipartite entan-
glement. Generalized biseparable states contain bipartite entanglement in more than one
pair of qubits; they have distributed bipartite entanglement. Fully inseparable states have
full tripartite entanglement (true nonclassical 3-particle correlations, in the notation of
[33]).
The characterization of separability or biseparability for non-pure three-particle states,
and the measure of their full tripartite entanglement are nontrivial, even in the simplest
case of three qubits. An ideal measure of tripartite entanglement would discriminate
fully entangled from fully separable or biseparable states; no such measure is known yet,
even for three qubits.
Finally, entanglement of the reduced two-particle states will be called the reduced
entanglement of the pair. They show how much two-qubit entanglement remains when
the third qubit is not observed. As we will show in the next section, for non-pure states
there are unexpected results; for instance, some simply biseparable mixed states have
no reduced entanglement when the separable qubit is traced over.
III. A CLASSIFICATION OF ENTANGLEMENT IN THREE-QUBIT
SYSTEMS
We propose a classification of three-qubit states based in the presence of no entangle-
ment (full separability), bipartite entanglements only (simple or generalized biseparabil-
ity), or full tripartite entanglement (true 3-qubit entanglement, full inseparability), both
for pure and non-pure states, with subtypes based on the number of entangled reduced
two-qubit states. Reduced, bipartite and full tripartite entanglements have direct phys-
ical meaning and are LU invariants: local operations cannot create entanglement, and
therefore all the invertible local operations (unitary ones in particular) must leave these
entanglements invariant. Thus, a state in any of our subtypes cannot be transformed by
a LU to a state in any other subtype.
This classification is equally valid for pure and non-pure states, although there are
several subtypes that exist only for non-pure ones. The practical implementation of
the classification is also more difficult for mixed states, since the detection of tripartite
entanglement is not completely solved in this case. Another difference is that for pure
states we can relate these subtypes with the coefficients of a GSD, as we will show in V,
while no similar decomposition exists for non-pure states.
Fig.1 summarizes the different types and subtypes in this classification for pure states;
with the same conventions, we could draw a similar graphic for the subtypes that exist
only for mixed states; we omit it for simplicity.
We will briefly comment now the different subtypes for general states (pure or not).
• Type 0− 0: fully separable states, no quantum entanglement.
• Type 1: biseparable states, bipartite entanglements only.
4FIG. 1: A graphic representation of entanglement types in pure states of three-qubit systems.
Each point represents one qubit. A circle including the three qubits denotes full tripartite
entanglement. An ellipse around two qubits means that they are entangled, and the total
three-qubit state is simply biseparable. A segment connecting two qubits means that they have
reduced two-qubit entanglement when the opposite qubit is traced over.
• Subtype 11 − 0: simply biseparable states with no reduced entanglement. Two of
the qubits are entangled when the total three-qubit state is considered, but when
the other qubit is traced over, the reduced two-particle state is separable. This
subtype exists only for non-pure states: for instance, a biseparable state
ρ = 12 |1〉〈1|A⊗|Ψ+〉〈Ψ+|BC+ 12 |0〉〈0|A⊗|Ψ−〉〈Ψ−|BC , where |Ψ±〉 = 1√2 (|10〉±|01〉)
are Bell states, has a reduced state ρ(BC) = 12 |Ψ+〉〈Ψ+|BC + 12 |Ψ−〉〈Ψ−|BC that is
separable: ρ(BC) = 12 |1〉〈1|B⊗|0〉〈0|C+ 12 |0〉〈0|B⊗|1〉〈1|C ; this is a counterintuitive
result. The graphic representation of this subtype would be the same as subtype
11 − 1 (Fig.1) without the segment connecting the lower two qubits.
• Subtype 11−1: the three-qubit state is simply biseparable, and when the separable
qubit is traced over, the other two remain entangled. All pure biseparable states
are of this subtype: any pure state |Ψ〉 = |φ〉A⊗|Φ〉BC , with |Φ〉BC entangled, gives
an entangled reduced state, ρ(BC) = |Φ〉〈Φ|BC . There are also non-pure states of
this subtype: for instance, the family of biseparable states ρǫ =
1
2 (1 + ǫ)|1〉〈1|A ⊗
|Ψ+〉〈Ψ+|BC + 12 (1− ǫ)|0〉〈0| ⊗ |Ψ−〉〈Ψ−|BC , |ǫ| ≤ 1, have reduced states ρ
(BC)
ǫ =
1
2 (1 + ǫ)|Ψ+〉〈Ψ+|BC + 12 (1 − ǫ)|Ψ−〉〈Ψ−|BC , with negativities N(ρ
(BC)
ǫ ) = |ǫ| ;
therefore these reduced states are entangled for ǫ 6= 0 and the three qubit state ρǫ
is in subtype 11 − 1; for ǫ = 0, ρ0 is the state previously considered as an example
of subtype 11− 0; note that this 11− 0 state is a continuous limit (ǫ→ 0) of states
of subtype 11 − 1.
• Subtype 12: generalized biseparable states with bipartite entanglements in two
pairs of qubits, for instance ρ = p1A ρ
A
1 ⊗ ρBC1 + p1B ρB1 ⊗ ρAC1 + p2A ρA2 ⊗
ρBC2 + p2B ρ
B
2 ⊗ ρAC2 , with
∑
iJ piJ = 1 and at least one ρ
KL
i entangled for each
KL. According to the posible entanglements of their reduced states the following
subtypes are possible in principle: 12 − 0 , 12 − 1, 12 − 2. We omit the graphic
representation of these subtypes.
5• Subtype 13: generalized biseparable states with bipartite entanglements in the
three pairs of qubits, for instance: ρ = pA ρ
A⊗ρBC+pB ρB⊗ρAC+pC ρC⊗ρAB,
with
∑
J pJ = 1 and the three ρ
KL entangled. According to the posible entan-
glements of their reduced states the following subtypes are possible in principle:
13 − 0, 13 − 1, 13 − 2, 13 − 3. We omit also the graphic representation of these
subtypes. Generalized biseparable states of subtypes 12 and 13 exist only in the
non-pure case.
• Type 2: fully inseparable states, non-zero full tripartite entanglement. Subtypes
2− 0 to 2− 3 exist for pure and non-pure states.
• Subtype 2−0: their three reduced entanglements are zero. We will call them GHZ-
like states, because the well known GHZ states (see V) belong to this subtype. The
entanglement of GHZ-like states disappears if any of the three qubits is traced over;
their entanglement is fragile.
• Subtype 2− 1: one reduced entanglement is non-zero, and the other two are zero.
• Subtype 2−2: two reduced entanglements are non-zero. For pure states they have
been called star shaped states [6].
• Subtype 2− 3: their three reduced entanglements are non-zero. We will call them
W-like states because the well known W states [4] (see also V) belong to this
subtype. The entanglement in these states survives the loss (tracing over) of any
of the three qubits; it is robust.
For pure states our classification is very easy to implement. A qubit is factorizable if
and only if the reduced state of the other two qubits is pure (see for instance chapter 8 of
[34]). In the affirmative case, this pure two-qubit state is factorizable if and only if their
reduced one-qubit states are pure; the total state is then fully separable (subtype 0−0);
otherwise the reduced two-qubit state is entangled and the total state is biseparable
(type 11 − 1). If no qubit is factorizable, the total state is fully entangled (type 2); the
subtypes 2 − 0, 2 − 1, 2 − 2, or 2 − 3 can be ascertain calculating the negativities or
concurrences of their reduced two-qubit states to determine the number of entangled
pairs. No ambiguity remains in the qualitative application of our classification to pure
states. In V we will show the results for all possible GSD’s of pure three-qubit states,
obtaining the explicit form of the vectors in each one of our classes, and the quantitative
values of their entanglements.
For non-pure states the situation is more complicated. We do not know of any measure
that would identify unambiguously entanglement in general non-pure three-qubit states.
Therefore, the discrimination between fully separable, biseparable and fully entangled
states remains open in general, although it can be answered in some particular cases,
like those of the non-pure examples of subtypes 11 − 0 and 11 − 1 given previously. In
IV we will propose a measure that, even if it is not a complete solution, in some cases
improves on previous results, as we shall see in the examples of VI.
There are families of states depending on one or several parameters, such that by
continuous variations of these the state goes from one type to another. Or more generally,
there are states Ψ1,Ψ2 , in two different types or subtypes such that the distance ‖Ψ1−
Ψ2‖ is arbitrarily small; we will show examples in section 5.
Parts of this classification have antecedents in the literature. In [6], a classification of
pure three-qubit states based only in the number of the entangled reduced states was
proposed. But with only this criterion, fully separable states (type 0 − 0 in our classi-
fication) and GHZ-like states (type 2 − 0) are in the same class; types 1i − 1 (i=1,2,3)
and 2− 1 are also in another common class, and so on. This classification leaves out the
more important property of the entanglement of three-qubit states: no entanglement,
bipartite entanglements only, or full tripartite entanglement. In [7], the same authors
introduced new classes for non-pure states, taking into account the existence of classi-
cal correlations (separable but non-factorizable states); in this paper we shall restrict
ourselves to quantum correlations.
6In [31] a classification of three-qubit entanglement in fully separable, biseparable (in
the sense that we denote as simply biseparable) or fully inseparable states was given; gen-
eralized biseparable states were not considered as a class different from fully inseparable
ones, and the existence or not of reduced binary entanglements was not considered.
IV. SOME MEASURES OF FULL TRIPARTITE ENTANGLEMENT
An ideal measure of the full tripartite entanglement of three qubits should have at
least the following characteristics: i) to be zero for any fully separable or biseparable
state and non-zero for any fully entangled state, ii) to be invariant under LU, iii) to be
non increasing under LOCC, that is, to be an entanglement monotone [35].
Condition i) seems self evident, but some proposals for tripartite entanglement mea-
sures do not fulfill it, even for pure states, as we will see below; the proposal that we will
make (tripartite negativity) satisfies both parts of i) for pure states. Conditions ii) and
iii) are the mathematical expression of the non-local character of entanglement. Some
authors include other desirable conditions [15] but we will restrict ourselves to the three
conditions listed above.
There are in the literature proposals for measures of tripartite entanglement of pure
states, for instance those in [8], [9], [10], [11], [12]; besides specific objections that we
will comment below, they cannot be generally extended to non-pure states. In [36], [37]
and [38], some particular results were given for non-pure states.
In [8] a generalization of the bipartite concurrence, called the 3-tangle, is proposed.
The originalW states have 3-tangle equal to zero [8]; in fact, we found that the 3-tangle
is zero for a large number of pure states in Subtype 2 − 3 (W -like), although none of
their qubits is separable (the three reduced states ρ(BC), ρ(AC), ρ(AB) for these W -like
states are all of them non-pure). Therefore, the 3-tangle is not a good measure of full
tripartite entanglement even for pure states; it is a measure of something that has been
called residual entanglement by some authors [39]; in [4] it was used to characterize one
of the SLOCC classes (called W − class by the authors).
Yu and Song showed [9] that any good measure MA−B of two-particle entanglement
could be extended to multiparticle systems, by taking bipartite partitions of them; they
would define the following measure of tripartite entanglement:
MaddABC =
1
3
(MA−BC +MB−AC +MC−AB). (2)
This is the idea underlying [10] and [11], which generalize concurrence, and [12] which
generalize Von Neumman’s entropy of reduced states.
Since the three terms in (2) verify separately conditions ii) and iii), so does also the
tripartite additive measure MaddABC . This was used in [10], [11], [12] and [40] to prove
that generalizations of concurrence and Von Neumann’s entropy of reduced states verify
conditions ii) and iii).
But, with any of these elections, MaddABC would be non-zero for pure biseparable states
of Subtype 11−1, violating the first part of condition i). The same would also happen if
a probability density function were used, as in [13]. It is possible to avoid this objection
by using the geometric mean instead of the arithmetic one:
MABC = (MA−BCMB−ACMC−AB)
1
3 (3)
This idea was proposed, in a more general context, in [40]. So, if M is the tangle (the
square of the concurrence), we have a multiplicative redefinition of the global entan-
glement Q (whose additive version was introduced in [10] and [11]), and if M is Von
Neumann’s entropy of reduced states, we have a redefinition of the additive measure η
(3)
Ψ
that appears in [12]. The same argument of the previous paragraph proves that these
redefined product versions of Q and η
(3)
Ψ verify conditions ii) and iii).
Von Neumann’s entropy of reduced states is an unambiguous measure of entanglement
only for pure states, and the concurrence, although well defined for non-pure states of
two qubits, has been extended in a practical way to higher dimensions only for pure
7states. Therefore, in order to have a measure of tripartite entanglement valid also for
non-pure states we will use the negativity.
We will define the tripartite negativity of a state ρ as
NABC(ρ) = (NA−BCNB−ACNC−AB)
1
3 (4)
where the bipartite negativities are defined as in (1),
NI−JK = −2
∑
i σi(ρ
TI), σi(ρ
TI) being the negative eigenvalues of ρTI , the partial
transpose of ρ with respect to subsystem I, 〈iI , jJK |ρTI |kI , lJK〉 = 〈kI , jJK |ρ|iI , lJK〉,
with I = A,B,C, and JK = BC,AC,AB, respectively.
The bipartite negativities NA−BC , NB−AC , NC−AB verify conditions ii) and iii) [18],
and so our tripartite negativity NABC verifies them. For pure states, our multiplica-
tive tripartite negativity fulfills the three conditions at the beginning of this section.
Although the qualitative classification of pure three-qubit states was easily done in III,
tripartite negativity adds a quantitative appraisal of the full tripartite entanglement of
these states.
For non-pure two-party states in dimensions 2×4 there are entangled states with zero
negativity [27], [28]. Therefore, NABC violates the second part of i). On the other hand,
NABC could be non-zero for generalized biseparable states, violating also the first part
of i). We could fulfill desideratum i) if we were able to replace negativity for some other
measure that will be non-zero for any entangled two-party state in dimension 2× 4, and
also found a way to discriminate unambiguously between generalized biseparable and
fully entangled states of three-qubits: these are difficult and still open problems.
The set of three bipartite measures NA−BC , NB−AC , NC−AB contains more informa-
tion than the geometric mean NABC . But even this set cannot completely discriminate
between fully separable, biseparable and fully entangled general mixed states, and there-
fore does not improve essentially on the unique tripartite negativity NABC , at least for
classification purposes.
From the results in [31] it can be proved that NABC > 0 is a sufficient condition for
distillability to a GHZ state (GHZ-distillability), a property of central importance in
Quantum Computation [41]; therefore, tripartite negativity is useful also for non-pure
states, even if it does not solve the separability vs. entanglement problem.
V. EXPLICIT FORMS OF PURE STATES ACCORDING TO OUR
CLASSIFICATION
Our objective in this section is to divide the infinite set of LU equivalence classes of
three-qubit pure states in six big subsets corresponding to the six subtypes of Fig.1.
Since a LU equivalence class is defined by a set of GSD coefficients, we exhaustively
analyzed the type of entanglement of all possible sets.
The full entanglement of the three-qubit state can be checked by studying its fac-
torizability, as explained in III. The entanglement of the reduced states (non-pure in
general) will be determined calculating their negativity (for these mixed two-qubit states,
we could have used also the concurrence, but not von Neumann’s entropy). The results
are listed below.
In the following, we will denote the five coefficients of the GSD decomposition by
α, β, δ, ǫ, ω; an arbitrary three-qubit pure state can always be transformed to:
|Ψ〉 = α|000〉+ β|100〉+ δ|110〉+ ǫ|101〉+ ω|111〉; (5)
this decomposition is symmetric in the interchange of the last two qubits, but not in
the exchange of any of them with the first. A more elegant totally symmetric GSD with
five coefficients is also possible [42], but the algorithm to obtain the coefficients from
an arbitrary initial state is much more complicated; therefore it is not very useful for
practical purposes. Although the canonical form (5) contains five complex coefficients,
it depends on only five independent real parameters; by suitably choosing the relative
phases for each qubit and the global phase of the state |Ψ〉 one can express it in terms of
five positive coefficients, related by the normalization condition, and a unique relevant
8phase, as it was done in [2]. But starting from several generic vectors, different choices
of phases will in general be needed to obtain a simplified form of this kind; therefore, in
order to compare the canonical forms for different initial vectors, we will postpone any
phase choices (and the normalization condition) until they are convenient; we will come
back to this below when discussing GHZ states.
Now we will show the canonical forms for our six entanglement subtypes:
i) Type 0 − 0: The conditions for fully separability are listed for instance in [43], in
terms of the eight coefficients of the Hilbert space. The GSD forms can be obtained
from those conditions, taking into account that three coefficients (a001, a010, a011
in the notation of [43]) are always zero.
ii) Subtype 11 − 1: They have one of the following GSD forms:
|B〉 = β|100〉+ δ|110〉+ ǫ|101〉+ω|111〉 (where βω 6= δǫ and βω or δǫ can be zero;
if βω = δǫ the state is of Type 0− 0).
|B′〉 = α|000〉+ β|100〉+ ǫ|101〉 (where β can be zero)
|B′′〉 = α|000〉+ β|100〉+ δ|110〉 (where β can be zero).
For instance, for state |B〉 the bipartite reduced states ρ(AB), ρ(AC) are separable,
while ρ(BC)is entangled, with negativity N(ρ(BC)) = 2|βω − δǫ|.
iii) Subtype 2− 0 (GHZ-like states):
The states with these properties are of the canonical form |ΨGHZ〉 = α|000〉 +
ω|111〉.
The three separable reduced states are of the form: ρ(BC) = ρ(AC) = ρ(AB) =
|α|2|00〉〈00|+ |ω|2|11〉〈11| = |α|2|0〉〈0| ⊗ |0〉〈0|+ |ω|2|1〉〈1| ⊗ |1〉〈1|.
In particular, if the two coefficients are equal in modulus we will say that we have
a GHZ state, and denote it by |GHZ〉. All the vectors of the form 1√
2
(|000〉 +
eiφ|111〉), with φ real, belong to the bidimensional space of GHZ states. With
the election of canonical form of [2] only the final vector 1√
2
(|000〉+ |111〉) would
have been obtained; then, two orthogonal initial vectors in the GHZ class would
have been reduced to the same canonical vector, while by postponing the choice
of relative phases we have preserved the dimensionality of the GHZ class and in
particular the orthogonality relations in it.
Fig.2 shows several multiplicative measures of the full tripartite entanglement of
GHZ-like states, as functions of the coefficient |α| (now we impose the normaliza-
tion condition |α|2 + |ω|2 = 1). The three measures induce the same order for the
full tripartite entanglement; if a state has larger entanglement than other with one
measure, it has larger entanglement with the others. The negativity NABC is more
sensitive for small values of |α|.
We have performed a similar analysis for all the other classes, but the results
depend on more than one parameter, and are more difficult to represent: therefore
we will not show them here. The results show in all cases that the three measures
above considered give qualitatively similar behaviours, and that the maximum full
tripartite entanglement of any three-qubit state corresponds to the LU equivalence
class of GHZ states. Another explicit example will be given below when discussing
Subtype 2− 3.
iv) Subtype 2 − 1: states of this class are those with one of the three following GSD
forms:
|IV 〉 = α|000〉+ β|100〉+ ω|111〉,
|IV ′〉 = α|000〉+ ǫ|101〉+ ω|111〉,
|IV ′′〉 = α|000〉+ δ|110〉+ ω|111〉,
with the three coefficients non-zero in each case.
For instance, for state |IV 〉 the separable reduced states are ρ(AB) = ρ(AC) =
(α|0〉+ β|1〉)(α⋆〈0|+ β⋆〈1|)⊗ |0〉〈0|+ |ω|2|1〉〈1| ⊗ |1〉〈1|, while ρ(BC) is entangled,
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FIG. 2: Comparison between NABC (solid line), Q (dash line) and η
(3)
Ψ (dot line), as a function
of |α| for GHZ-like states.(|ΨGHZ〉 = α|000〉+ω|111〉, |α| ∈ [0,
1√
2
]; for |α| ∈ [ 1√
2
, 1] the graphic
is symmetric and can be thought off as representing the simultaneous interchange of values 0
and 1 for the three qubits). The three measures induce the same order for the full tripartite
entanglement. GHZ states (|α| = 1√
2
) are the ones with maximum full tripartite entanglement
(NABC = Q = η
(3)
Ψ = 1). NABC is more sensitive for small values of |α|.
with negativity N(ρ(BC)) = 2|βω|. Note that if one of the three coefficients goes
to zero, the state |IV 〉 changes its classification; in the limit β = 0 we obtain a
state of subtype 2− 0, in the limit α = 0 a state |B〉 of subtype 11 − 1, and in the
limit ω = 0 a state of subtype 0− 0.
v) Subtype 2−2 or star-shaped states: the GSD forms that have these properties are
|S〉 = α|000〉+ β|100〉+ ǫ|101〉+ ω|111〉,
|S′〉 = α|000〉+ β|100〉+ δ|110〉+ ω|111〉,
with all the coefficients non-zero.
For instance, for state |S〉 the separable reduced state is ρ(AB) = (α|0〉 +
β|1〉)(α⋆〈0| + β⋆〈1|) ⊗ |0〉〈0| + |1〉〈1| ⊗ (ǫ|0〉 + ω|1〉)(ǫ⋆〈0| + ω⋆〈1|), while ρ(BC)
and ρ(AC) are entangled. In this case, although the negativities are perfectly
computable for any value of the coefficients, their analytic expressions in terms
of generic coefficients are not very comfortable. Thus, we give here the concur-
rences: C(ρ(BC)) = 2|βω|, and C(ρ(AC)) = 2|αǫ| (for two-qubits, concurrence and
negativity coincide for pure states, not for mixed states like ρ(BC), ρ(AC)).
vi) Subtype 2− 3 or W -like class: states with the most general GSD form (five coef-
ficients α, β, ǫ, δ, ω different from zero) belong to this class, and also those who
have β and/or ω equal to zero.
States with the canonical form |ΨW 〉 = α|000〉 + ǫ|101〉 + δ|110〉, with the three
coefficients non-zero, are examples of this class. For these states, the bipartite
reduced states are:
ρ(BC) = |α|2|00〉〈00| + (ǫ|01〉 + δ|10〉)(ǫ⋆〈01| + δ⋆〈10|), ρ(AC) = (α|00〉 +
ǫ|11〉)(α⋆〈00|+ǫ⋆〈11|)+ |δ|2|10〉〈10|, and ρ(AB) = (α|00〉+δ|11〉)(α⋆〈00|+δ⋆〈11|)+
|ǫ|2|10〉〈10|, with negativities: N(ρ(BC)) =
√
|α|4 + 4|ǫδ|2 − |α|2;
N(ρ(AC)) =
√
|δ|4 + 4|ǫα|2 − |δ|2;
N(ρ(AB)) =
√
|ǫ|4 + 4|αδ|2 − |ǫ|2.
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In particular, if the three coefficients in |ΨW 〉 are equal in modulus we will denote
the state by |W 〉 and refer to it as a W state; the original symmetric W state [4],
|W ′〉 = 1√
3
(|001〉+ |010〉+ |100〉). (6)
has a GSD of this form.
The maximum values of the tripartite entanglement measures in the W -like class,
are reached for the |W 〉 states: NABC = 0.94, Q = 89 , η
(3)
Ψ = 0.92.
The negativities of the reduced bipartite states of the states |W 〉 (which are the
same as the negativities for the symmetric |W ′〉 state) are N(ρ(BC)) = N(ρ(AC)) =
N(ρ(AB)) =
√
5−1
3 = 0.41.
Our classification of pure three-qubit states in terms of full tripartite entanglement
and reduced binary entanglements could be used to give a physical interpretation to the
abstract GSD classes of [2] and [3].
VI. DISCUSSION OF SOME MIXED THREE-QUBIT STATES
We do not have a canonical form like the GSD of the pure case to simplify the gen-
eral form of mixed states; therefore we will restrict ourselves to consider some concrete
uniparametric families of non-pure states, to show some of the improvements allowed
by the use of tripartite negativity, the problems remaining and relations with previous
works.
As a first example we will consider a family of mixed GHZ and W states: ρ(p) =
p|GHZ〉〈GHZ| + (1 − p)|W ′〉〈W ′ | where |W ′〉 has been defined in (6) and 0 ≤ p ≤ 1.
Its tripartite negativity is
NABC(ρ) = NA−BC =
√
41p2−64p+32+2
√
10p2−2p+1−p−2
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(NA−BC = NB−AC = NC−AB), that is different from zero for any value of the parameter
p (see Fig. 3), and has an absolute maximum for pure GHZ states and a secondary
maximum for pure W states (Fig.3).
This excludes full separability or simple biseparability for any state in the family,
but can not discriminate between distributed binary entanglement and full tripartite
entanglement. Nevertheless this result improves on [39], where the 3-tangle for this
family was found to be zero for a value of the parameter p (generalized biseparability
was not considered as distinct from full entanglement in [39]).
Our second example is a family of mixed states with non-zero tripartite negativity
NABC only for some values of a parameter: ρ(p) = p|GHZ〉〈GHZ| + 1−p8 1, where
1 is the unity matrix, and 0 ≤ p ≤ 1. We find that NABC(ρ) = 0 if p ≤ 15 , and
NABC(ρ) =
5p−1
4 if p >
1
5 , reaching a maximum NABC(ρ) = 1 for p = 1 (a pure GHZ
state).
Du¨r et al. [31] showed that this state is GHZ-distillable if p > 15 . Therefore, for this
family of mixed states our tripartite negativity quantifies GHZ-distillability; it starts
at p = 15 and increases with p, with an obvious maximum of 1 if the state is a GHZ state.
Finally, we will consider a family of three-qubit states that can be fully entangled or
generalized biseparable and nevertheless have zero tripartite negativity. In [28], a family
of mixed 2× 4 states of the form
σb =
1
7b+1


b 0 0 0 0 b 0 0
0 b 0 0 0 0 b 0
0 0 b 0 0 0 0 b
0 0 0 b 0 0 0 0
0 0 0 0 1+b2 0 0
√
1−b2
2
b 0 0 0 0 b 0 0
0 b 0 0 0 0 b 0
0 0 b 0
√
1−b2
2 0 0
1+b
2


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FIG. 3: Tripartite negativity for mixed GHZ and W
′
states, ρ(p) = p|GHZ〉〈GHZ| + (1 −
p)|W
′
〉〈W
′
|, as a function of p.
with 0 < b < 1 was considered. These states have zero negativity for any value of the
parameter b, although they were proved to be non-separable. We do not know of any
practical measure of bipartite entanglement that will discriminate these bound entangled
states from separable ones. Biconcurrence [22], could do this in principle; unfortunately
its determination needs the calculus of the minimum of a certain function for any unitary
operator in a Hilbert space of dimension 64, and no efficient way to do this is known
[21].
We can convert these states in dimension 2× 4 to three-qubit states simply by taking
the following basis in the 4 dimensional space:
{|e1〉, |e2〉, |e3〉, |e4〉} = {|00〉BC, |01〉BC , |10〉BC , |11〉BC}.
The bipartite negativities are then NB−AC = NC−AB =
√
3b2+1−2b
7b+1 > 0, NA−BC = 0
∀b, 0 < b < 1, and therefore NABC = 0. According to [28], the states are not separable
into A and BC subsystems. Since the other two negativities are non-zero, we also know
that they are not fully separable nor simply biseparable. Thus, this family of states can
be fully entangled or generalized biseparable.
VII. CONCLUSIONS
We have proposed a classification of three-qubit states based on the existence of bi-
partite and tripartite entanglements and the diverse possibilities for the reduced binary
entanglements, including a graphic representation for pure states that can be extended
to non-pure ones, although we have not done it here for reasons of space. We have
considered a measure (tripartite negativity) of the full tripartite entanglement avoiding
some of the problems of previous proposals; for pure states this measure quantifies full
tripartite entanglement and confirms the distinction between fully entangled states and
biseparable or fully separable ones that was obtained in III in a qualitative way. We
have given also the explicit form of the pure states in each subtype of our classification,
after performing an easily computable GSD to a simplified canonical form; in the
simplest cases we have compared their tripartite negativity with other multiplicative
generalizations of bipartite entanglement measures, concluding that they induce the
same ordering of full tripartite entanglement. We have analyzed some non-pure states
that have non-zero tripartite negativity (a sufficient condition for GHZ-distillability)
12
or that have zero tripartite negativity although they are known to be entangled, to
show the problems that remain in the practical classification of mixed three-qubit states.
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